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Abstract
In this paper, the %nite subspaces of orderings of the ring of regular functions on an algebraic
set V are compared with those of the ring of analytic function germs at a point of V . Necessary
and su3cient conditions for subspaces to be isomorphic are given, both from a purely algebraic
and from a more geometric point of view. As a result, a criterion for analytic separation of
semialgebraic sets is proved. Extendability of such subspaces is also proved to be stable under
suitable approximations.
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0. Introduction
In the study of local properties of constructible subsets of a real a3ne algebraic
variety X , it is customary to compare the algebraic and the analytic structure of X .
In particular, in this paper we focus on local obstructions to the separability of two
semialgebraic subsets A and B, that is, obstructions to the existence of a regular function
that is positive on A and negative on B.
The problem can be formulated as follows:
Let A and B be semialgebraic subsets of X whose germs at a point a are separated
by an analytic function germ: give necessary and su*cient conditions for them to be
separable (in a neighbourhood of a) by a regular function.
We can easily reduce ourselves to the case where X is (algebraically) irreducible,
which we will always suppose in this paper.
Even in very simple cases, analytic and regular (or, as we will call it, algebraic)
separation are not equivalent:
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Fig. 1. A and B are analytically but not algebraically separable at the origin.
Example 0.1. Let X = R2 and
A= {(x; y)∈R2 |y2 − x2 − x3¡ 0; x¿ 0} ∪ {(x; y)∈R2 |y¿ 0; x¿ 0};
B= {(x; y)∈R2 |y2 − x2 − x3¿ 0; y¿ 0; x¿ 0}:
A and B can be separated in a neighbourhood of the origin by the analytic function germ
y+
√
x2 + x3. It is not easy to show that they are not separable by a regular function;
a proof (made using diEerent tools) will be given in Section 5 (Example 5.2) (Fig. 1).
Indeed, examining examples a little more complicated than this one, one realizes
that always making a direct proof using only geometric considerations can be almost
impossible. It is anyhow possible to overcome this di3culty since the study of obstruc-
tions to separability has been translated in a completely algebraic language that allows
also the study of many other properties: this is done associating to any semialgebraic
set (or semianalytic set germ) S a constructible set S˜ in the real spectrum of the
appropriate ring, i.e. the ring of regular functions on X , R(X ), or the ring of analytic
function germs on X at a point a, Oa(X ) (the real spectrum of a ring collects all the
possible orderings on the residue %elds of the ring and was %rst de%ned by Coste and
Roy in [8] as a real Jetale analogue to the Zariski spectrum: see Section 1 for some
details).
Moreover, to study generic properties, that is, properties that hold everywhere except
that in a set of positive codimension, it is possible to study the real spectrum of the
quotient %eld of the ring, in this case resp. K(X ) or Ma(X ).
For example, to determine whether a set is basic or not (i.e. if it has a description as⋂k
i=1 {x∈X |fi(x) ? 0} where “?” can be =; ¡ or 6), BrOocker in [7] used algebraic
tools to prove that basicness can be tested on certain subsets of the real spectrum,
called 4-elements fans (see De%nition 1.3).
To detect the separability of two sets A and B, anyway, 4-elements fans are not
su3cient, as proved by the following counterexample in [6]:
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Fig. 2. A (solid line) and B (dashed line) are not separable.
Example 0.2. The two sets A=A1 ∪A2 ∪A3 and B=B1 ∪B2 ∪B3 in Fig. 2 cannot be
separated by a polynomial function, because such a function should change sign across
the two planes and have diEerent signs in opposite quadrants, which is impossible.
However, there is no obstruction if we consider only 4-elements fans, because they
can only “see” at most 4 pieces of the sets A and B at a time (say A1; A2; B1; B2), that
are indeed separable (in this case, by the equation of the vertical plane).
In [6] separability was shown to be dependent on the behaviour of the associated
constructible sets A˜ and B˜ with respect to any %nite subspace of orderings (a class
of subsets of the real spectrum larger than that of fans, see De%nition 1.8). Indeed,
subspaces of orderings have a “structure” that is able to reRect the mutual positions of
the two sets.
Contracting one of the two planes, Example 0.2 becomes (in suitable coordinates)
the following one, which shows that the same problems arise also in the case of set
germs; in fact, the results of BrOocker were extended in [2] to semianalytic set germs.
Example 0.3. The two subsets A and B of the unit ball in R3 represented in Fig. 3
and written in spherical coordinates (; ’; ) as
A= A1 ∪ A2 ∪ A3; B= B1 ∪ B2 ∪ B3;
where
A1 = {06’6 =12; =26 6 2=3};
A2 = {=46’6 =3; =26 6 2=3};
A3 = {=26’6 7=12; =26 6 2=3};
B1 = {6’6 13=12; =36 6 =2};
B2 = {5=46’6 4=3; =26 6 2=3};
B3 = {=26’6 7=12; =36 6 =2};
cannot be separated, but their intersections with any 4-elements fan (and also with fans
of higher cardinality) are always separable by reasons that are analogous to those of
Example 0.2.
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Fig. 3. Two non-separable set germs.
Thus, also for semianalytic set germs, 4-elements fans are not su3cient to guarantee
separation and again it is necessary to pass to %nite subspaces of orderings, but this
time everything will be “centred” at the point we take germs at.
Now, if X is analytically irreducible at point a, K(X ) can be seen as a sub%eld
of Ma(X ) and any ordering on Ma(X ) restricts to an ordering on K(X ) (it can
nonetheless happen that diEerent orderings on Ma(X ) restrict to the same ordering
on K(X )). However, this is not su3cient for our purposes, since the structure of a
subspace of orderings can change in the passage from K(X ) to Ma(X ) and so set
germs that are not algebraically separable can turn out to be analytically separable.
Example 0.4. In the example depicted in Fig. 4, the two sets A =
⋃3
i=1 Ai and B =⋃3
i=1 Bi are de%ned by means of the equation y
2=x2−x3 and some linear equations in
R3. They are not algebraically separable because the cubic equation is irreducible and A
and B are situated along its zero set and the plane  (given by {z=0}) like the two sets
in Example 0.2. However, the equation splits in two analytic factors (say f1 and f2);
if we call g the equation of the plane through the origin de%ning B2 with  and, say,
f1, it is immediate to check that ±zf1g separates the germs of A and B at the origin.
This diEerence is due precisely to the fact that splitting the cubic equation in f1 and f2
aEects the structure of the subspaces of orderings involved, as we will see in Sections
2 and 3. In Example 2.19 we will see the algebraic counterpart of these observations.
Example 0.5. It can be useful to see what happens in the example depicted in Fig. 5
instead: the sets A and B are very similar to those of the previous example, but this
time they are not separable, not even by an analytic function germ. Again, the position
of the sets are similar to those of Example 0.2, but this time the sets are placed in
such a way that the plane {z = 0} and the zero set of just one analytic factor of the
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Fig. 4. Two algebraically non-separable, analytically separable set germs.
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Fig. 5. Two non-separable set germs.
cubic equation are relevant to detect separability. Therefore, with respect to these two
surfaces we can use the same argument as done in Example 0.2 both in the algebraic
and in the analytic setting. In Example 3.5 we will see how it is possible to prove
easily these statement using our results.
After these examples it should be clear that the structure of algebraic and analytic
subspaces of orderings are to be compared. We will give necessary and su3cient
conditions for structure-preserving extensions (called liftings) of a %nite subspace of
orderings to exist, completing in this way the comparison between algebraic and ana-
lytic separability. Our results will be based on algebraic tools and strategies that were
developed in [3], where necessary and su3cient conditions for the existence of liftings
of fans were given.
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Fig. 6. Example of a %nite covering.
From the algebraic point of view it is very useful to obtain liftings in two steps,
passing through an intermediate ring, the henselization of the ring of regular functions,
that enables us to deal simultaneously with all the %nite algebraic extensions. The
geometric counterpart of this ring is the set of all the 7nite coverings associated to a
fan (see De%nition 1.3). To explain this notion, let us see a simple example.
Example 0.6. Take X = R3 and consider the nodal cubic curve
Z = {(x; y; z)∈R3 | z = 0; y2 = x2 − x3} ⊂ R2 × {0}:
Now call Y the blow-up of the plane R2 × {0} at the origin and  :Y → R2 × {0}
the associated projection map (see Fig. 6). Call C the strict transform of Z : obviously,
 is regular and birational and therefore the %elds K(X ) and K(Y ) are isomorphic
(and so are all their corresponding subspaces of orderings). The restriction of  from
C to Z is %nite (this is why we call it a %nite covering), but from the analytic point
of view, the two branches of the cubic are now separated and therefore the two points
in the inverse image of the origin have distinct %elds of analytic function germs: the
obstruction is not any more “centred” at a single point. This is the reason why the two
sets in Example 0.1 were analytically separable: we will see that analytic obstructions
“stay centred” at one point even in these %nite coverings.
The henselization has for our purposes very good properties of which maybe the
most important are the fact that it is an excellent ring and that the inclusion morphism
in the analytic function ring is Rat; this implies that every %nite subspace of orderings
of the real spectrum of the henselization can be lifted (Theorem 2.22) and in geometric
terms that the diEerence between the regular and the analytic rings does not depend
on this step.
In the other step, instead, the combinatorial structure of the subspace of orderings
appears. The diEerent branches and the relation of these with all the fans contained
in the subspace of orderings must be appropriately taken into account. Luckily, the
study is made much easier by the fact that there is a correspondence between %nite
subspaces of orderings and a particular type of tree (see De%nition 1.9). As a result, we
prove an algebraic criterion (stated as Theorem 2.23) and its combinatorial counterpart,
Theorem 3.4, that lead to Theorem 5.4 (here rephrased):
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Theorem 0.7. Let A; B be two semialgebraic subsets of an a*ne real algebraic variety
X. The germs of A and B at a are not generically analytically separable if and only
if there is an obstruction S in Specr(K(X )) such that all the fans contained in it are
“centred” at the same point and continue to be so in all their 7nite coverings.
This result can be seen as a satisfactory answer to the problem stated at the
beginning. Moreover, continuing our investigation, we are now able to study the
approximation of %nite spaces of orderings. We de%ne a suitable notion of approx-
imation and then prove that a speci%c class of subspaces of orderings (called ge-
ometric or parametric, following [3,1]) are dense among analytically extendable
subspaces. Parametric subspaces of orderings are strictly related to discrete valuation
rings and irreducible subvarieties, therefore their study is simpler than that of generic
subspaces.
As an application of the study of approximation and birational transformations and
using our results on the lifting of subspaces to the ring of analytic function germs, we
give a criterion for generic algebraic separability that involves subspaces of orderings
of Ma(X ). What we prove is (Theorem 5.6):
Theorem 0.8. Two semialgebraic subsets A; B in a real a*ne algebraic set X are
generically separable by a regular function if and only if in the variety Y obtained
contracting the Zariski boundaries @zA and @zB of A and B in X to a point a, their
images are generically separable by an analytic function germ.
We have devoted Section 1 to recall some de%nitions and theorems needed in the
sequel.
Section 2 is where we tackle the lifting problem from a (more strictly) algebraic
point of view; in Section 3, taking the results of Section 2 as a base, we prove the
combinatorial and geometric criterion.
Finally, the results on approximation are in Section 4 and the applications to generic
separability in Section 5.
1. De!nitions and recalls
The real spectrum Specr(A) of a ring A has as points all the couples (p; ) where
p ⊂ A is a prime ideal and  is a total %eld ordering on kp=qf (A=p) (we will frequently
indicate the point as ). An orderable %eld is also called formally real or, more brieRy,
real.
De!nition 1.1. A prime ideal p is real if its residue %eld is real. We say that a real
ideal p is the support of any point in Specr(A) of type (p; ) (we write p= supp()).
A point (p; ) can therefore be seen also as a multiplicative function from A to the
set {−1; 0;+1} associating to f the sign (f) of the class [f]∈ kp according to the
ordering .
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As a set, Specr(A) is the disjoint union of Specr(kp) when p varies among all the
prime ideals of A. Therefore if A is a domain, we can see Specr(qf (A)) (e.g. K(X )
and also Ma(X ), if the germ of X at a is analytically irreducible) as the subspace of
Specr(A) relative to the prime ideal (0); additionally, the rings A we will study will
mostly be R-algebras with the property that the residue %eld of the maximal ideals is
isomorphic to R. This means that if e.g. A=R(X ) we can %nd a copy of X with its
euclidean topology in Specr(R(X )): to a point a∈X we associate the couple made
by its maximal ideal ma and the unique ordering on the residue %eld (Specr(R) is
a one-point space) and note that the euclidean topology can be de%ned by sets of
the type U (f) = {x∈X |f(x)¿ 0} (e.g. balls), that are also open in the topology of
Specr(R(X )).
Since semialgebraic subsets of X are those subsets that can be written as
S =
k⋃
i=1
Bi;
where
Bi = {x∈X |fi(x) = 0; gi1(x)¿ 0; : : : ; gisi(x)¿ 0}
for some %nite number of elements fi; gij ∈R(X ), we can associate to S the con-
tructible subset S˜ ∈Specr(R(X )) given by
S˜ =
k⋃
i=1
{∈Specr(R(X )) | (fi) = 0; (gi1)¿ 0; : : : ; (gisi)¿ 0}:
A semialgebraic set B that can be written as
B= {x∈X |f1(x) = 0; : : : ; fr(x) = 0;
g1(x)¿ 0; : : : ; gs(x)¿ 0; h1(x)¿ 0; ht(x)¿ 0}
is called basic. We will call each Bi a basic component of the above presentation of
S.
Specr(A) has a rich structure; for instance, orderings on diEerent residue %elds of A
can be related:
De!nition 1.2. Given two points 1; 2 ∈Specr(A) satisfying supp(1) ⊂ supp(2), if
1(a)=+1 implies that also 2(a)=+1 for every a∈A we say that 2 is a specialization
of 1.
If we see an ordering  on a real %eld K as a function from K∗ to Z=2Z={+1;−1}
(as done above for rings: in this case  turns out to be an homomorphism of abelian
groups), we can de%ne the product of two orderings on K as in Hom(K∗;Z=2Z). Given
two orderings ; # in the real spectrum of a ring, we de%ne their product only if they
share the same support and are therefore in the real spectrum of the same residue %eld.
Since −1 must always be negative in any ordering, the product of an even number of
orderings cannot be an ordering, while the product of an odd number of orderings can
be an ordering or not.
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De!nition 1.3. A %nite subset F ⊂ Specr(A) is called a 7nite fan if the product of
three elements of F is always de%ned (i.e. they have the same support), is an ordering
and is in F . Any set consisting of just one ordering (also called elementary space) or
of two orderings with the same support is a fan; these are called trivial fans.
Other properties of Specr(A) depend on the relation between orderings and valuation
rings. If  is an ordering on kp and V is a valuation ring of kp (with maximal ideal mV ),
we say that V is compatible with  if any element of mV is in%nitesimal with respect
to Q (seen as a subset of kp) according to , i.e. if, for every x∈mV , −q¡x¡q
for every q∈Q+; in this situation,  induces an ordering on the residue %eld kV of V .
More generally, if V is compatible with all the orderings of a subset S of Specr(kp) ⊂
Specr(A), there will be an induced subset of orderings on kV (and if S is a fan, the
induced subset in Specr(kV ) will be a fan). In the sequel we will make use of the
following well-known result.
Theorem 1.4. All the valuation rings compatible with a 7xed ordering form a
totally ordered chain that starts with the convex hull of Q in kp, that is the set
{x∈ kp | ∃q∈Q :−q¡x¡q}, and ends with kp; if A is a 7nitely generated R-algebra,
there exists a biggest non-trivial valuation ring which is a ring of rank 1, i.e. its value
group is isomorphic to a subgroup of R.
A valuation ring can be compatible with several orderings of kp and obviously
if V1 ⊂ V2 are two valuation rings, all the orderings compatible with V1 are also
compatible with V2 (the maximal ideal of V2 is smaller than that of V1). Now, for fans
we have the following strong result (see [5]):
Theorem 1.5 (Trivialization theorem). Let K be a real 7eld and F be a fan in Specr(K).
Then there is a valuation ring V of K compatible with all the orderings of F and
such that F induces a trivial fan in Specr(kV ) (we say that V trivializes F).
If V is a valuation ring of a %eld K which is the %eld of fractions of a domain R, the
ideal mV ∩ R is prime and is called the centre of V in R. The centre of any valuation
ring of K compatible with an ordering  on K is called a centre of  in R. Thanks to
the trivialization theorem, there are valuation rings simultaneously compatible with all
the orderings of a fan F ; the centre of such a valuation ring is called a centre of F
in R. We will denote by pF the centre of the biggest valuation ring that trivializes F .
With a slight abuse of language, if R=R(X ), also the subvariety Z(p) (the zero locus
of p) de%ned in X by the centre of a valuation ring (or by a centre of an ordering or
of a fan) will be called centre of that valuation ring (ordering, fan) in R. Similarly, we
will say that an ordering  specializes to a point a if among its specializations there
is an ordering having as a support the maximal ideal of a (this condition is trivial if
R is a local ring).
We then give a precise de%nition of a %nite covering associated to a fan, already
mentioned in the Introduction:
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De!nition 1.6. Given a fan F supported on p ⊂ R(X ) whose orderings all specialize
to the same point a∈X , we will call a 7nite covering associated to F any regular map
 from an algebraic variety Y to Z(p) such that
(1)  is birational (therefore K(Y ) = kp);
(2) if WF is the biggest valuation ring trivializing F; WF ⊃ R(Y ) and the centre of
WF in Y is C = −1(Z(pF));
(3) the map |C :C → Z(pF) is %nite.
Clearly, F can be seen as a fan in Specr(K(Y )).
Example 1.7. Let X; Z; Y and C be as in Example 0.6. To each half-branch of Z at the
origin we can associate an ordering on K(Z) specializing to the origin. Take the two
orderings 1; 2 in Specr(K(Z)) corresponding to the two half-branches of Z in the
half-plane where x¿ 0 and call F the 4-elements fan in Specr(K(R2×{0})) such that
its elements specialize in pairs to 1 and 2. We already observed that the projection
 is regular, birational and %nite if restricted from C to Z ; the biggest valuation ring
trivializing F is the discrete valuation ring of Z in the plane and its centre in the plane
is exactly Z , while its centre in Y is C.  is therefore a %nite covering associated to F .
As said above, %nite fans are a special kind of a more general type of subsets, %nite
subspaces of orderings.
De!nition 1.8. A %nite subset S of Specr(A) is called a 7nite subspace of orderings
of Specr(A) (or of A) if all the orderings have the same support (thus the product is
always de%ned) and the product of any three of them (if it is an ordering) is in S. Two
%nite subspaces of orderings S1 and S2 are isomorphic if there is a product-preserving
bijection between them.
A more abstract de%nition of a space of orderings can be found in [10]. Two oper-
ations can be performed on “abstract” spaces of orderings: the sum and the extension.
The sum gives a new space made simply of the union of the two original ones, while
the extension is made from a space S1 of n elements by means of an abelian group
G of exponent 2 and order 2k (k ¿ 1) giving a space S1[G] of cardinality n · 2k . We
will call k the rank of the extension and S1 its base. As an example, a fan of four
elements results as an extension by Z=2Z of the sum of two elementary spaces and is
therefore an extension of rank 1 of this sum (Fig. 7).
To avoid confusion, if S = S1[G] we will call it an abstract extension (we will also
deal with %eld extensions from Section 2).
An example of abstract extension is the so-called pull-back of a subspace of order-
ings: let S ⊂ Specr(kV ) be a subspace of orderings on the residue %eld of a valuation
ring V of a %eld K . Then by the Baer–Krull theorem (see e.g. [4]), the orderings on
K compatible with V and inducing a %xed element ∈ S correspond to the homomor-
phisms from the value group *V of V to Z=2Z. H = Hom(*V ;Z=2Z) is a group of
exponent 2 and the set of all these orderings as  varies in S is isomorphic to S[H ]
(as can be checked by de%nition) and is called the pull-back of S by V.
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Fig. 7. Example of a %nite covering of a 4-elements fan.
Finite spaces of orderings, as classi%ed in [10,2], can always be obtained by means
of sums and abstract extensions starting from elementary spaces and we can trace the
operations needed along a suitable tree.
De!nition 1.9. An admissible tree is an oriented %nite (connected) tree, with some
weighted edges, in which
(1) a node is the starting point of at most one edge;
(2) there are neither consecutive weighted edges nor consecutive non-weighted edges;
(3) the nodes of valency 1 are never starting points of a weighted edge;
(4) the nodes of valency 2 are endpoints of one weighted edge and starting point of
one non-weighted edge;
(5) the nodes of valency bigger than 2 are never endpoints of weighted edges.
(6) the weights are natural numbers ¿ 1.
Given an oriented (weighted) tree, we call complete subtree of a node x the subtree
of all the nodes that can be joined with x by an oriented path in the tree, together with
the edges connecting them and their weights.
Given a %nite space of orderings S, we de%ne its associated tree (or simply its
tree, see Fig. 8 for two examples) by induction: if S is an elementary space, its
tree is a point; if S is a sum of spaces S1; : : : ; Sk (where no Si is again a sum), the
tree of S is made by k non-weighted edges with coinciding endpoints such that the
complete subtree of each starting point is the tree associated to Si; if S is an abstract
extension of S1 by G (and S1 is not an abstract extension), its tree has a weighted
edge whose weight equals the rank of the extension and the tree of S1 as the complete
subtree of the starting point of this edge. We note that this de%nes uniquely a connected
admissible tree and that S1 is isomorphic to S2 if and only if their trees are isomorphic.
In particular, point (3) means that the abstract extension of rank k of an elementary
space must be considered as an abstract extension of rank k − 1 of the sum of two
elementary spaces.
De!nition 1.10. Two orders in a %nite subspace of orderings are said to be connected
if they are equal or there is a fan with at least four elements to which they belong
(we can assume that the fan has exactly four elements).
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Fig. 8. Examples of weighted trees of %nite spaces of orderings—on the right the tree of a 4-elements fan.
“Being connected” turns out to be an equivalence relation, thanks to the Trivialization
Theorem: the connected components of a %nite subspace of orderings are then de%ned
as the equivalence classes of this relation. It turns out that in a sum the images of the
two original spaces are disconnected, while in an abstract extension there is only one
connected component.
Finally, we will need also the notion of henselian branch (for all the properties of
henselization, see [9,11]).
De!nition 1.11. Let A be a Noetherian local ring and p a prime ideal of A. If Ah
is the henselization of A, the extended ideal ph turns out to have a %nite number of
associated prime ideals ph1; : : : ; p
h
l of A
h of the same height as p: these are called the
henselian branches of p. When A =R(X )ma , since A
h is isomorphic to a quotient of
the ring R{x1; : : : ; xn}alg of algebraic power series, any of the phi ’s de%nes a set germ
at the point a and we will call this set germ henselian branch of Z(p). An henselian
branch that is a real ideal is called a real henselian branch.
2. Characterization of analytic liftings: algebraic criterion
To begin with, we give a precise notion of what we mean by a lifting of a %nite
subspace of orderings.
Given two %elds K ⊂ L and an ordering  on K , an ordering # on L lifts  if the
restriction of # to K is . If K and L are function %elds on X and Y respectively, we
will also say that  can be lifted to L or to Y.
De!nition 2.1. Let S be a %nite subspace of orderings in Specr(K), where K is a %eld,
and let L be a %eld extension of K . We will say that S can be lifted to L if there
exist a %nite subspace of orderings S ′ in the real spectrum of L isomorphic to S (i.e.
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S ′ has the same weighted tree as S and in particular also the same cardinality) and all
the orderings of S are restrictions of the corresponding ordering in S ′. S ′ will then be
called a lifting of S.
If S is a %nite subspace of orderings in Specr(K(X )), we will say that S is analyti-
cally extendable if there exist a point a in X and an analytically irreducible component
Xi of X passing through a such that S can be lifted to the quotient %eld Ma(Xi) of
analytic function germs on Xi.
This de%nition generalizes the one given in [3] for fans. We note that if the orderings
in S do not specialize to the same point in X , S is trivially not analytically extendable.
The same is true if their support is analytically reducible and not all of them can be
lifted to the ring of the same analytic component.
Given an irreducible algebraic set X de%ned by a prime ideal p and a point a∈X ,
we will call
• R(X )a the subring of K(X ) of those functions that are regular in a (note that
R(X ) ⊂ R(X )a, thus qf (R(X )a) = qf (R(X )) =K(X ));
• R(X )ha the henselization of R(X )a, that is also isomorphic to the quotient R{x1; : : : ;
xn}alg=p′R{x1; : : : ; xn}alg where p′ is the ideal of the polynomials of p translated from
a to the origin;
• R(X )ha; j the ring R(X )ha=pj, where pj is a real henselian branch of the ideal (0) ⊂
R(X )ha (the zero set germ of pj at a will be called Xj);
• Na(X ) the quotient ring R{x1; : : : ; xn}alg=qalg where qalg is the real radical of
p′R{x1; : : : ; xn}alg;
• Na(X )i the ring Na(X )=qalgi where qalgi is one of the associated prime ideals of
(0) ⊂Na(X );
• q the ideal of analytic function germs at a on Rn vanishing on X , q′ the correspond-
ing ideal of convergent power series in R{x1; : : : ; xn} after translation and Oa(X )
the quotient ring R{x1; : : : ; xn}=q′, isomorphic to the ring OX;a of analytic function
germs at a on X ;
• Ga the set of all the orderings on K(X ) that specialize to the point a.
Remark 2.2. By the properties of henselization and since p′ is a radical ideal, its
decomposition in the pj’s in R(X )ha consists of prime ideals of height 0. Among these,
some are real ideals and some are not: the real radical of (0) is the intersection of
those that are real. As a consequence, the ideals qalgi are in fact the projections of the
pj’s that are real to Na(X ). Hence the rings R(X )ha; j and Na(X )i are isomorphic if j
and i are chosen suitably; we can assume that this occurs when j = i and we write
Na(X )i =Na(Xi).
On the other hand, since the morphism Na(X )→ Oa(X ) is Rat, Oa(X ) = R{x1; : : : ;
xn}=qalgR{x1; : : : ; xn} and the prime ideals qalgi extend to prime ideals qi in Oa(X ). By
[2, VIII.3], this is a decomposition of the extended ideal p′R{x1; : : : ; xn} consisting of
real ideals and by Risler’s Nullstellensatz [12, 4.1] we have that Oa(X )=qi =Oa(Xi) is
isomorphic to OXi;a, the analytic ring of germs at a on Xi. In particular, for every i
there is an injective map from K(X ) to Ma(Xi).
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Remark 2.3. Ga is contained in the real spectrum of R(X )a = R(X )ma and if we
restrict to K(X ) an ordering on any Ma(Xi) we obtain an element of Ga.
As a consequence, for every i, we can factor the inclusion map K(X ) → Ma(Xi)
and the corresponding map between real spectra as follows:
K(X )
i→qf (R(X )ha; i)∼→qf (Na(Xi))
’i→Ma(Xi)
Specr(Ma(Xi))
’∗i→Specr(qf (Na(Xi)))∼→Specr(qf (R(X )ha; i))
 ∗i→ Ga
∩
Specr(K(X )):
In [2, III and VII] it is shown that in this situation the %rst map between real spectra,
’∗i , is onto, while the last one, 
∗
i , is an isomorphism between Specr(qf (R(X )
h
a; i))
and its image (that is the subset of those orderings that can be lifted to the chosen
henselian branch Xi, e.g. the whole Ga if R(X )ha is a domain).
Remark 2.4. If we have a lifting S ′ of a %nite subspace of orderings S ⊂ Specr(K(X ))
to, say, Ma(Xi), ’∗(S ′) is a lifting of S to qf (Na(Xi)): in fact, in [3] it is shown that
if F ⊂ S is a fan, ’∗(F) is a fan of the same cardinality and if this is true for every F
in S, it must be also true for S (we will show in Corollary 3.2 that the fans determine
the tree of S).
On the contrary, it is possible that for no index i the inverse image of S by the map
 ∗i has the same cardinality of S and even if it is so, it need not be isomorphic to S.
Remark 2.5. Since all the orderings of a subspace S in Specr(R(X )) share the same
support (say p), in fact S ⊂ Specr(kp) ⊂ Specr(R(X )); but kp =K(Z(p)), thus we
reduce ourselves to the case S ⊂ Specr(K(X )).
De!nition 2.6. Let S ⊂ Ga be a subspace of orderings in Specr(K(X )): the inverse
image of S by the map  ∗i : Specr(qf (R(X )
h
a; i))→ Ga will be denoted by Shi .
To simplify notation we will write X , Na, qf (R(X )ha), S
h without the index i and
drop completely the reference to X (unless needed) for the rest of this section. We
will also use “irreducible” with the meaning of “analytically irreducible”.
Factoring the mapK(X )→Ma(X ) we have split the lifting problem into two parts:
(1) %nding necessary and su3cient conditions for Sh to be isomorphic to S, and then
(2) lifting subspaces of orderings from Specr(qf (Na)) to Specr(Ma).
2.1. Conditions for Sh to be isomorphic to S
Since for every i,  ∗i is an isomorphism onto its image, S
h has the same cardinality
as S if and only if S ⊂ im( ∗i ). We then have a %rst necessary condition for liftings
to qf (R(X )ha):
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Proposition 2.7. If S ⊂ Specr(K(X )) can be lifted to Sh to qf (R(X )ha), all its order-
ings can be lifted to the same henselian branch.
Remark 2.8. In fact, S can be lifted to qf (R(X )ha) if and only if S
h is its lifting to
that %eld.
Lemma 2.9. Let a 7nite subspace of orderings S ⊂ Specr(K(X )) be a non-trivial
abstract extension of a disconnected space S1. Then there is a valuation ring V of
K(X ) compatible with all the orderings of S such that S induces in the residue 7eld
of V a space of orderings isomorphic to S1.
Proof. Let V be the smallest real valuation ring compatible with all the orderings of
S: S must be an abstract extension of the space of orderings S2 induced by S itself
in the residue %eld of V . Indeed, S must be contained in the pull-back of S2 by a
%nite subgroup G of Hom(*V (S;S2);Z=2Z); but the only subspaces of orderings of this
pull-back that induce S2 in the residue %eld are abstract extensions by a subgroup of
G (see [2, IV.2.14]). Moreover, S2 must be disconnected by the minimality of V . But
since S1 is the only disconnected space of which S is abstract extension, S2 must be
isomorphic to S1.
Remark 2.10. The converse of the preceding lemma is obviously also true: if there
exists a valuation ring V such that S induces a smaller subspace of orderings S1 in its
residue %eld, S must be an abstract extension of S1.
De!nition 2.11. If a subspace of orderings S ⊂ Specr(K(X )) is an abstract extension
of a disconnected space S1, the biggest valuation ring of K(X ) such that S induces
in its residue %eld a disconnected subspace (that must be isomorphic to S1) will be
called associated to S and denoted V (S; S1). If S is a sum, its associated valuation ring
will be the trivial valuation ring K(X ); if it is an abstract extension, the existence of
V (S; S1) follows from Lemma 2.9.
We now give necessary and su3cient conditions to lift a subspace of orderings S
to R(X )ha.
Proposition 2.12. If S ⊂ Ga is a subspace of orderings obtained as a sum of two
spaces S ∼= S1 + S2, S can be lifted to Specr(qf (R(X )ha)) if and only if Sh1 and Sh2 are
subspaces of the real spectrum of the same henselian branch and are liftings of S1
and S2, respectively.
Proof. This is obvious, since Sh is the sum of Sh1 and S
h
2 if (and only if) S1 and S2
are in the image of  ∗i and this happens exactly when S
h
1 and S
h
2 belong to the real
spectrum of the same henselian branch.
Recall that if V is a valuation ring in K(X ) with residue %eld kV we can associate
to V a place .V :V → kV ; if V contains R(X )a, we will use the same symbol for the
restriction of the place to R(X )a.
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To obtain a condition when S is an abstract extension, we introduce the following
de%nition:
De!nition 2.13. We say that a homomorphism . :R(X )a → k amalgamates with
respect to a subspace of orderings S if there is a %eld extension k ′ of k, a subspace
of orderings S ′ of Specr(k
′) and a homomorphism .′ such that the diagram
commutes and S ′ is a lifting of S to k ′. If . is the place associated to a valuation ring
V , we also say that V amalgamates with respect to S and we will denote by Vh the
valuation ring of qf (R(X )ha) associated to the place .
′.
We will need also the following result (see [3, 10.2]), which ensures that valuation
rings can be “lifted” too:
Theorem 2.14. Let X be a real algebraic set and a be a point of X. If V is a valuation
ring of K(X ) compatible with an ordering ∈Ga, there is a unique index i and a
unique valuation ring Vha of qf (R(X )
h
a; i) such that ∈ im( ∗i ), Vha ∩R(X )a=V∩R(X )a
and Vha is compatible with 
h =  ∗−1i ().
Moreover, the value groups *Vha and *V are equal.
The criterion to lift abstract extensions is now the following:
Proposition 2.15. Let S ⊂ Ga be a subspace of orderings obtained extending a dis-
connected space S1 by a group G; S ∼= S1[G]. S can be lifted to Specr(R(X )ha) if and
only if the valuation ring V (S; S1) amalgamates with respect to S1.
Proof. If V (S; S1) amalgamates, we have the following diagram:
Sh is a subspace of the pull-back of S ′1 by V (S; S1)
h. Since the diagram commutes, the
projection of Sh to S ′1 must be the whole S
′
1. But then again by [2, IV.2.14] we have
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that Sh is isomorphic to the extension of S ′1 by some group H of exponent 2. But then
clearly the cardinality of Sh being the same as that of S we must have H ∼= G.
The opposite implication is obvious.
Remark 2.16. As observed in [3, 10 and 11], R(X )ha ⊗R(X )a kV (S;S1) is a product of
%elds km and a homomorphism . : R(X )a → k amalgamates with respect to S1 if and
only if there is a factor k Wm of the ring R(X )ha ⊗R(X )a kV (S;S1) and a map W. such that
commutes, that is, the amalgamation property holds with a morphism to one of the
factors. This means that even though checking amalgamation can be di3cult, we have
actually only a %nite number of possibilities.
Remark 2.17. Let S=S1[G] ⊂ Specr(K(X )). The centre p of the associated valuation
ring V (S; S1) de%nes a subvariety of X and S1 naturally induces a subspace of orderings
S∗1 in Specr(kp): in fact, since p=mV (S;S1) ∩R(X )a, kp=qf (R(X )a=p) is a sub%eld of
the residue %eld kV (S;S1). However, S1 and S
∗
1 need not be isomorphic, since diEerent
orderings on kV (S;S1) can “collapse”, i.e. induce the same ordering on kp: this subvariety
is therefore in the general case of little use to examine an amalgamation problem.
Example 2.18. Let  : X → R3 be the blow-up of R3 along the line r= {(x; y; z) | x=
0; y = 0} and let a be a point of E = −1(O).
Consider a disconnected subspace of orderings S1 in the real spectrum of the function
%eld of E made of four orderings specializing at a. By VE , the valuation ring of E,
we can pull-back S1 to a subspace S of eight orderings of K(X ) that obviously has
V (S; S1) = VE . But now, K(X ) =K(R3) because  is birational, and the centre of
V (S; S1) in R3 is r : S∗1 can consist at most of two orderings on the function %eld of
r, because there are only two orderings on it specializing to the origin.
We will now give a counterexample that shows how even if all the necessary con-
ditions cited above (i.e. that all the orderings specialize to the same point and can be
lifted to the same henselian branch) are satis%ed, extendability cannot be guaranteed,
even in a fairly simple situation:
Example 2.19. Consider the situation in Fig. 4 (Example 0.4). In our notation, X =R3
and Y is the x; y plane R2 × {0} ⊂ R3. In K(Y ) we take the discrete valuation ring
W of the nodal cubic y2 = x2− x3; in the residue %eld kW of W we take two orderings
1; 2 specializing to the origin and corresponding to the half-branches of the cubic in
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1
Fig. 9. The trees of S1 (left) and of Sh1 (right).
the common border of A2 and B2 and of A3 and B3. We pull back 1; 2 to a fan F
of four elements in Specr(K(Y )) and take the subspace S1 ⊂ Specr(kY ) isomorphic to
F + {2}, where 2 is another ordering in Specr(K(Y )) specializing to the origin and
corresponding to the common borders of A1 and B1 in Y . Finally, we consider the
subspace of orderings S in K(X ) made pulling back S1 by the (discrete) valuation
ring VY of Y . We ask if this subspace of orderings has a lifting to the henselization
R(X )hO of R[x; y; z], that in this case turns out to be R[[x; y; z]]alg.
It is obvious that S ∼= S1[Z=2Z]; therefore, we have an amalgamation problem
We note that in this case S1 does not collapse in the centre of VY (the situation of
Example 2.18): indeed, the residue %eld of VY coincides with the %eld of functions of
the centre. Moreover, all the orderings of S can be lifted to the same henselian branch
(in fact, there is only one henselian branch because X is analytically irreducible).
Nevertheless, it is obvious that VY cannot amalgamate with respect to S1: in fact, the
function germs (at the origin) y ±√x3 + x2 belong to R[[x; y; z]]alg and their images
in k ′ separate three orderings of F from the fourth one, therefore no lifting of S is
possible.
The problem in this case is that the structure of S1 is not the same as that of Sh1
and this hinders amalgamation, as shown in Fig. 9.
2.2. Lifting subspaces of orderings from Specr(qf (Na)) to Specr(Ma)
De!nition 2.20. A local homomorphism of local rings ’ : A→ B enjoys the approxi-
mation property if any system of polynomial equations with coe3cients in A that has
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a solution g in B has also a solution f in A that can be chosen arbitrarily near to g
in the mB-adic topology of B.
Proposition 2.21. Let ’ :A→ B be a local homomorphism which has the approxima-
tion property. Suppose that A and B are domains and let, respectively, K and L be
their quotient 7elds. Then any 7nite subspace of orderings S on K has a lifting to L.
Proof. Let S= {i; i=1; : : : ; m} and call 3 the product of m copies of Specr(L); then
a subspace of orderings of Specr(L) consisting of m orderings can be viewed as an
element of 3 (strictly speaking, m! elements of 3 correspond to the same subspace).
Then, we take S4 ={(i1 ; i2 ; i3 ; i4 ) | ij ∈ S} and we say that an element of S4 de%nes
a relation in S if i1 · i2 · i3 = i4 . Let T ⊂ S4 be the set of elements that de%ne
relations in S: we call e(T ) ⊂ (Z=2Z)m (where we write Z=2Z multiplicatively as
{+1;−1}) the set of possible signatures of an element of K with respect to S, i.e.
elements e = (e1; : : : ; em) such that ei1ei2ei3ei4 = 1 whenever (i1 ; i2 ; i3 ; i4 )∈T .
A lifting S ′ of S is characterized by two properties: each ordering in S ′ is an
extension of an ordering in S and S ′ is isomorphic to S. We will show in Corollary
3.2 with a purely combinatorial proof that the structure can be characterized by the
relations that hold among the orderings: we can therefore express the condition of
being isomorphic imposing that the relations in S are the same as those in S ′, that is,
the signatures S ′ gives to elements of L are in e(T ).
Let us call E ⊂ 3 the set of liftings; we have to show that E =?. In fact, E can
be de%ned as an intersection of sets of the form
{g1(#1)¿ 0} × · · · × {gm(#m)¿ 0}
for all the possible choices of the gi’s where each gi is taken in the positive cone of
i, and of sets of the form⋃
e∈e(T )
{e1 · f(#1)¿ 0} × · · · × {em · f(#m)¿ 0}
for any f∈L. But all these sets are closed in the constructible topology of 3 and
with respect to this topology 3 is compact: therefore if E=? there is a %nite number
of these sets with empty intersection, corresponding to some choices gij, i = 1; : : : ; p,
j = 1; : : : ; m and fk , k = 1; : : : ; q. Then, each basic component of the intersection (that
depends also on the choice of a certain number of el’s in e(T )) is empty. By Stengle’s
Positivstellensatz (see e.g. [13]) for each basic component of the intersection we get
that the gij’s and the fk ’s are solution of an equation of the form∑
M;N
y2iMNg
n1
1i · · · gnppi (ei1f1)m1 · · · (eiqfq)mq
=− (g1i)2r1 · · · (gpi)2rp(ei1f1)2s1 · · · (eiqfq)2sq ;
where M = {m1; : : : ; mq}∈ {0; 1}q and N = {n1; : : : ; np}∈ {0; 1}p are multiindices and
ri; sj ∈N. (gij; fk) is thus a solution of the whole system made of all the equations
originated from all the basic components. Now, substituting some new unknowns Xk
instead of fk we get a system of equations with coe3cients in A and solutions in B.
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By the approximation property, the system must admit also a solution in A: but going
backwards in the Positivstellensatz this amounts to saying that the set of subspaces
of orderings of Specr(K) “lifting” S to K and respecting the same set of relations T
is empty, which is a contradiction because this set contains S (it is, in fact, exactly
{S}).
Corollary 2.22. Let S ⊂ Specr(qf (Na)) be a subspace of orderings. Then there is a
lifting of S to Specr(Ma).
Proof. It is well known that the injection of Na in Ma has the approximation prop-
erty: this is a consequence of Artin’s approximation theorem (for a proof see e.g. [4,
8.3.1]).
In view of this result, we conclude this section summarizing what we have proved:
Theorem 2.23. A subspace of orderings S in Specr(K(X )) is analytically extendable
if and only if
(1) all the orderings specialize to the same point a;
(2) it is disconnected and all its components can be lifted to the same henselian
branch, or it is connected and its associated valuation ring V (S; S1) amalgamates
with respect to S1 to a factor of
R(X )ha ⊗R(X )a kV (S;S1):
3. Characterization of analytic liftings: combinatorial criterion
We now give a diEerent characterization of analytically extendable subspaces of
orderings.
First, if S = S1[G] and R is a subspace of S1, let us call  the projection from
S to S1 and complete extension of R in S the inverse image −1(R) ⊂ S; note that
−1(R) ∼= R[G], which motivates the use of the word “extension”.
Proposition 3.1. The collection of all the subsets of S with 2n ¡ #S elements that are
fans determines the tree of S.
Proof. First, we note that since all %nite fans have 2n elements for some n, we know
by hypothesis all the fans in S: in particular, we know the connected components of
S and their cardinalities. We can therefore restrict ourselves to the case where S is
connected.
Let us call “maximal” a fan that is not contained in any other one in S: among the
maximal fans we choose a minimal one (with respect to cardinality) and call it Fm.
We use the abbreviation MMF for such minimal maximal fans (Fig. 10).
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Fig. 10. Minimal maximal fans of S projecting to diEerent components of R (edges of trees are oriented
upwards).
Claim. If #Fm = 2n0 , S is an abstract extension of rank n0 − 1.
Proof. In fact, since it is connected, S must be the abstract extension of another space
of orderings, say R, which is not connected. Let k be the rank of this S as abstract
extension of R: we argue by contradiction and distinguish the two cases k ¡n0 − 1
and k ¿n0 − 1.
(1) k ¡n0−1. Let us take two orderings 21; 22 in two diEerent connected components
of R and consider the subspace Fˆ of S obtained as complete extension of {21; 22}:
it is a fan with less elements than Fm. Fˆ is also maximal, because if it were
contained in a bigger fan, projecting it to R we would get a fan with more than
two elements containing 21 and 22, which means that they would belong to the
same connected component, contradicting our choice of 21; 22: but then Fm was
not an MMF, contradiction.
(2) k ¿n0−1. Let us take the projection of Fm to R: it is a fan of, say, r elements. If
r ¿ 1 (or r=1 and k ¿n0) we could take the complete extension of it and obtain
a fan in S containing Fm and bigger than it, which contradicts its maximality. If
r = 1 and k = n0, but R had some more elements, we could take another element
and take the complete extension of the two, again reaching the same contradiction.
Finally, if r = 1 and k = n0 and R has just one element, S = Fm: but we already
saw (De%nition 1.9) that this subspace is to be considered as an abstract extension
of rank n0 − 1 of a 2-element space of orderings.
The above argument proves also that any MMF is obtained as the abstract extension
of two orderings in diEerent connected components of R. But this means that two
distinct MMFs are either disjoint or intersecting in one of the two halves obtained as
complete extension of just one of the orderings in R. We now split all the MMFs into
their two halves: if two halves do not form a MMF, this means that their corresponding
orderings in R are in the same connected component.
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We can therefore count the number and the cardinalities of the connected components
of R and determine the initial part of the tree of S. Restricting ourselves to the complete
extension of the connected components of R one by one we can iterate the same
argument to %nd out its structure, until we have determined all the tree of S. But since
what we have done depends only on the MMFs, which are determined uniquely by
our hypothesis, the thesis follows.
Corollary 3.2. Two 7nite spaces of orderings S; S ′ are isomorphic if and only if they
admit a bijection ’ such that F ⊂ S is a 4-elements fan if and only if ’(F) is a
4-elements fan.
Proof. In fact, since fans of every cardinality are de%ned by the fact that each of their
3-elements subset is contained in some of their 4-elements fan, if we know which
4-elements subsets are fans we also know which 2n-elements subsets are fans: but by
the previous proposition this is su3cient to determine the tree of S.
We recall here the necessary and su3cient condition for the existence of a lifting
of a fan (see [3, 14.1]), which is written in terms of their associated %nite coverings
(see De%nition 1.6):
Theorem 3.3. Let X be an algebraic set and F a fan in Ga ⊂ Specr(R(X )). Then F
is analytically extendable if and only if
(*) for every 7nite covering (Y; Z) associated to F the two orderings induced
by F in Specr(R(Z)) specialize to a unique point z ∈Z .
Therefore we get the following.
Theorem 3.4. Let S be a subspace of orderings in Ga ⊂ Specr(K(X )). Then S is
analytically extendable if and only if for every 4-elements fan in S condition (*) is
veri7ed.
Proof. We observe that all the 4-elements subsets that are not fans in R(X ) cannot
be lifted to fans, since there is a regular function (whose germ is an analytic function
germ at a) on which their signs do not ful%l the product rule.
As to all those 4-elements subsets that are fans, our hypothesis allows us to use the
cited Theorem 3.3 to ensure that they extend to fans. But now Corollary 3.2 concludes
the proof.
Example 3.5. We build a subspace of orderings starting from the sets of Fig. 5 (Ex-
ample 0.5), as done in Example 2.19, from which we take also the notation: we lift
two orderings corresponding to the half-branches of the cubic curve in the common
border of A2 and B2 and of A3 and B3 and pull them back to a fan F of four elements
in Specr(K(Y )); we take the subspace S1 ⊂ Specr(kY ) isomorphic to F + {2}, where
2 is an ordering specializing to the origin and corresponding to the common border of
A1 and B1. Finally, we pull back S1 by the (discrete) valuation ring VY of Y obtaining
S in K(X ).
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What fans are contained in S? S has 10 elements: eight form a fan centred on the
plane and on the curve and therefore clearly analytically extendable: it is su3cient to
pull-back the orderings on the curve by the discrete valuation rings of Y and X , that
are both analytically irreducible regular germs. The other 2, together with two suitably
chosen orderings among these eight, can form 4-elements fans centred only on Y and
therefore the existence of a lifting is again obvious as before. Looking at the tree of S
(see Fig. 9) we see that these are the only possible fans in S and so S can be lifted,
according to Theorem 3.4.
On the contrary, in Example 2.19 the algebraic fan with eight elements was centred
on two diEerent analytic components and by a %nite covering analogous to that of
Example 1.7 it would split in two subsets, specializing to diEerent points. Therefore
that subspace of orderings was not analytically extendable.
4. Approximation and contraction of !nite subspaces of orderings and analytic
separability
Let S be a %nite subspace of orderings of Specr(R(X )). To de%ne a suitable notion
of approximation for S we consider the product topology in Specr(R(X ))
s, where
s = #S. Consequently, a neighbourhood of S consists of those subsets of orderings of
Specr(R(X )) of s elements and such that every 
′
i ∈ S ′ has the same support (say pi)
of i ∈ S and is in a neighbourhood of i when considered in Specr(kpi).
De!nition 4.1. Let  be an ordering in Specr(R(X )) with support p.  is said to be
geometric if it is compatible with a discrete valuation ring of rank m in Specr(kp),
where m=dim(R(X )=p). A subspace of orderings S ∈Specr(R(X )) is called geometric
or parametric if all the orderings i ∈ S are geometric.
We note that this de%nition is equivalent to that of [4], given for Specr(K(X )). This
kind of subspaces of orderings appear naturally when the ring is regular: if (x1; : : : ; xd)
is a system of parameters, A(x1) is a discrete valuation ring of rank 1 whose residue
%eld is the quotient %eld of a regular ring of dimension d− 1; composing A(x1) with a
valuation ring of rank d− 1 of this %eld (that we can assume to exist by induction),
we obtain a discrete valuation ring of rank d.
An approximation property for subspaces of orderings of Specr(R(X )) has been
proved in [1, 3.1]:
Theorem 4.2. Let S be a subspace of orderings in Specr(R(X )). Then in every neigh-
bourhood of S there is a geometric space of orderings S ′ isomorphic to S. If S is
an abstract extension, the residue 7eld of V (S ′; S ′1) is kp where p is the centre of
V (S; S1).
We now want to examine what happens when approximating analytically extendable
subspaces.
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Theorem 4.3. Let S be a subspace of orderings in Specr(R(X )). If S is analytically
extendable, in any neighbourhood of S there is an isomorphic geometric analytically
extendable subspace of orderings S ′.
Proof. First, we can suppose S connected (if S = S1 + S2 and S ′1; S
′
2 can be lifted and
approximate S1; S2, S ′1 + S
′
2 can be lifted and approximates S). If S = S1[G] can be
lifted, all its orderings must specialize to the same point a in X . We can choose a
geometric S ′ so close to S that all its orderings also specialize to a and the residue
%eld of the valuation ring V (S ′; S ′1) is a sub%eld of the residue %eld of V (S; S1). In
fact, the S ′ found in Theorem 4.2 already has this property, since the residue %eld of
V (S ′; S ′1) is kp (where p is the centre of V ) and R(X ) ⊂ V (S; S1), so kp ⊂ kV (S;S1).
But now, if .V (S;S1) amalgamates with respect to S1, the same happens also to .V (S′ ; S′1)
(we use the same k ′ and restrict the maps .; .′).
Remark 4.4. We also have that arbitrarily close to an analytically non-extendable sub-
space of orderings there is a geometric analytically non-extendable subspace. This is
obvious if not all the orderings specialize to the same point and henselian branch,
because this will happen also to the orderings of su3ciently close subspaces. If all
the orderings specialize to the same point and henselian branch, but the amalgamation
property does not hold, there is an element f in the residue %eld of V (S; S1) such that
not all the relations of S are satis%ed. But then it is su3cient to make sure that f is
in the residue %eld of V (S ′; S ′1), which can easily be done choosing it as a localization
of R(Y ′) where Y ′ is a suitable blow-up of the support Y of S, as done e.g. in [3,
15.3].
Our next result shows the diEerence between subspaces of orderings of K(X ) and
those of Ma(X ) when birational transformations are performed.
Since we are dealing with a local problem, if necessary we can assume that X
is compact, since AlexandroE’s compacti%cation can be de%ned by a birational map.
Thus, the quotient obtained contracting an algebraic subset in X to a point can be
endowed with an algebraic structure in a way that the contraction is a birational map,
too (see e.g. [4, 3.5.5]). But such birational maps as a blow-up can easily “destroy”
a subspace of orderings of Ma(X ), for example because orderings after the blow-up
can specialize to distinct points in the exceptional divisor: this is the case in Ex-
ample 0.6. However, by means of birational transformation we can also reverse this
situation and produce analytically extendable subspaces; this follows from the fact
that if the centre of V (S; S1) is a point, the map .V (S;S1) amalgamates automatically
with respect to S1 (see [3, 11.4c]). In fact, we have already seen that this map fac-
tors through the quotient R(X )a=(mV (S;S1) ∩R(X )a) which in this case is isomorphic
to R.
Theorem 4.5. Let S=S1[G] be a 7nite subspace of orderings contained in Specr(K(X ))
that is an abstract extension of a disconnected subspace S1. There is a real a*ne
algebraic variety X ′ and a birational map f :X → X ′ such that S induces an iso-
morphic space of orderings S ′ in Specr(K(X
′)) and S ′ is analytically extendable.
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Proof. We can assume that X is compact.
Let p be the centre of V (S; S1) in X and let Z be the zero locus de%ned by p: if Z
is a point, S is already analytically extendable. If on the contrary Z is not a point, we
can contract it to a point by a birational map f :X → X ′ = X=Z .
5. Applications to algebraic and analytic separation of semialgebraic subsets
We are now ready to make a geometric application of the preceding theorems, that
motivates our study of the structure of subspaces of orderings and of their combinatorial
properties.
We recall that a property is said to hold generically in a real algebraic set X if it
holds except for a subset of smaller dimension in X . Only generic properties can be
birationally invariant, since we have recalled already in the previous section that we
can contract any algebraic subset by a birational map.
De!nition 5.1. A function separates two subsets A; B in a real a3ne algebraic variety
X if f|A ¿ 0; f|B ¡ 0.
Two subsets are algebraically separable if there is a regular function f that separates
them; similarly, two set germs are analytically separable if there is an analytic function
germ separating them (Fig. 11).
Example 5.2. Let X; A and B be as in Example 0.1.
Then, by the valuation ring of the cubic C = {(x; y)∈R2 |y2− x2− x3 = 0} we pull
back the two orderings on C at the origin O corresponding to the semi-branches in the
%rst and fourth quadrant, to get a fan F that is clearly an obstruction to the separation
of A and B.
Nevertheless, F is not analytically extendable (we do not need any %nite covering
at all: the two orderings on C are in two distinct henselian branches) and indeed
A
B
Fig. 11. A and B are analytically but not algebraically separable.
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as already observed in the Introduction the germs of A and B at O are analytically
separable, since the analytic germ y +
√
x2 + x3 is positive on A and negative on B.
De!nition 5.3. Let E; F be two subsets and S a subspace of orderings of Specr(K). We
say that E and F are separable in S if there is an element of K such that (f)¿ 0 for
every ∈E∩S and (f)¡ 0 for every ∈F ∩S. If E and F are not separable in S, S
is called an obstruction. If A and B are semialgebraic subsets of an a3ne real algebraic
variety X , or semialgebraic set germs at a point a of it, we will call obstruction to
their (algebraic or analytic) separability an obstruction to the separability of A˜ and
B˜ in the real spectrum of K(X ) or Ma.
We recalled already that BrOocker proved that two subsets A and B are generically
separable by a regular function if and only if A˜ and B˜ are separable in every %nite
subspace of orderings, that is, if there are no obstructions to their separability.
Our results lead us to the following separation criterion:
Theorem 5.4. Let A; B be two semialgebraic subsets of an a*ne real algebraic variety
X. If there is an obstruction S in Specr(K(X )) such that its orderings specialize to
the same point a∈X and for every 4-element fan F in S and every 7nite covering
(Y; Z) associated to F the two orderings induced by F in Specr(Z) specialize to the
same point z ∈Z , then the germs of A and B at a are not generically analytically
separable.
Proof. Indeed, if there is an obstruction S as in the statement, that is, every fan in
it has property (*) of Theorem 3.4, by Theorem 3.4 S can be lifted to a subspace
of orderings S ′ on Ma and since A and B are semialgebraic sets (i.e., since they are
de%ned by regular functions), S ′ ∩ A˜ and S ′ ∩ B˜ in Specr(K(X )) correspond by the
isomorphism to the sets S ∩ A˜ and S ∩ B˜ in Specr(Ma); thus they cannot be separated
in S ′, i.e. S ′ is an obstruction, so by BrOocker’s result A and B are not generically
analytically separable.
Remark 5.5. As a corollary, we can use the observations made in Example 3.5 to
explain Example 0.5: the subspace of ordering S is in that case an obstruction to
the algebraic separability of A and B and can be lifted to Ma(X ), becoming also an
analytic obstruction. But this means that the germs of A and B at the origin cannot be
separated.
We %nally derive from Theorem 4.5 the following result, that shows how analytic
separability can be aEected by birational transformations; this turns out to be a tool to
produce another criterion for algebraic separability:
Theorem 5.6. Two subsets A; B in a real a*ne algebraic set X are generically separa-
ble by a regular function if and only if in the birational model of X made contracting
@zA∪@zB to a point a, their germs at a are generically separable by an analytic func-
tion germ.
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Proof. If A and B are not algebraically separable, by [1, 4.3] there must be a birational
model of X −1(X ) → X and a %nite subspace of orderings S that is an abstract
extension centred at a hypersurface W ⊂ −1(X ) such that A˜ ∩ S and B˜ ∩ S are not
separable and W ⊂ @z−1(A) ∪ @z−1(B).
But now, in X , (W ) must lie in @zA ∪ @zB: then in the model p(X ) obtained
contracting @zA ∪ @zB, S is centred only at a and is therefore analytically extendable
(see Section 4.3), so there cannot be any analytic function germ f at a separating the
germs of p(A) and p(B).
Conversely, if f separates the germs of A and B in p(X ), no hypersurface W in any
model of X can be the centre of a subspace of orderings S in which A˜ and B˜ are not
separated: then (again by [1, 4.3]) A and B are generically algebraically separated.
Remark 5.7. The contraction was used similarly to pass from Examples 0.2 to 0.3 and
indeed we already saw that algebraic non-separability was transformed into analytic
non-separability.
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